
Milnor-With sheaves and (how-Wilt groups
Goal: Quadratic version of Chow groups
S1Motivation XC Sum

CH"(x) = HX, *)
*.epred

Block-kat o formula with pester
complex

Milnor K-theory: F a field

k*F =
=T*F/y = 0k."F

n -,8

where T*F= tensor algesic & J = (aeD-al( ac F(90,173

#:·Go(F): TL

· A IF) =FY (a) + 9b3 = Cab3

Elements in KilF): a,0..0an:: 9a,..., an



~ discrete valuation on F
residue homomorphism

Or valuation ring S -> &v:k(F1 -> K(K(01)
K(V) residue field

st. 20(π,n,...., nnll=s,. ... and
# uniformize xx

· Jv(u,..... un)) = 0 images in K(v)

or maximal ideal
u,. ... Una 0

Xc Sm residue homomorphisms
↓

k."(X):= her) 1."(k(X) -> O
(1) k,(h(x))

xt- X

defines Nisrevich sheat 1 or Sus

7 Transfer maps ·
FcE divide field extension

-TrE: kY(E) ->1.(F)
For a =0: multiplication by CE:F]



xEXclH5Xcivis
Want Y: keoCh(x7) -> HECkl,

= b set 24 =0

If ye (x) =z, E->z normalization
For normal E

set If EtE"

24:= 2 Trisof ve the local rep
ztz(1 at t is

a valuation
overy

Cohomological <px: XESm
rieg

(i(X, n):= Kn(k(x) CH"(X) = HV)CP(X,n)
x+ X(

-r

-> (Y(X,n) - ("(X,n) -> (Y)X,n) -...

...

- ⑦ K(h(x) - ⑦ k."(k(y1) -> O differential (8Y
x+X(n-1m Y*X'me

k(x)T Th 6:h(x) -> T
Homological complex: C: (X,n) :=oxUr(u(x) "[Ch(z1:h(y· ordve
Xnot necess smooth CHr(X) = Hn)Co(X, - n))



52 Milnor-Witt A-theory F field

Anw(F): = x-graded ring generated by
· Ca) axFY in degree+ 1

on in degree - I

subject to relations

(i) (a](1 - a] =0 a
+0,1

(ii)(ab] =(a) + [b] + y[a][b] a,bt FX

(iii)[a] = CaJr atFX

(iv) h= =2 + y(- 1) the y.h =0

Notation: [a,...,an) = = [a,]..... [an]



GW(FlEc k.Mw(F)
cac +1+ha]

is a ring homomorphism

1.p.2+ y(- 1) =1+ c-k = ck + c- 1x = b

·kM ( F) =W(F) 4-0

·kw(F)(y- ) =w(t)(214)
· knw()=kMCF)

Y
· Have Cartesian square

Here ICF cGWIF)
q(a,....an+ s) +cxa,x:...(cau+sx)
kW(F) -> IV(F) herrl

↓ generated by <<ak=<a-
k(1 -1 IFE-IF)



~ discrete valuation on F

Or valuation ring, my maximal ideal

K(V) residue field
i uniformizer

Thu (Miel): 7! homomorphism of graded groups
8:kw(7) ->K(H(0

· commuting with multiplication by y
· 2((π,u,..., 4n]) = (m, . . ., tn)

u,....un +0,Y
2.(Sn, .... Un]) = 0

4)This depends on the choice of uniformizer i:

#=Tu n= 0,
"
= 8 = cuc 2

-

Pernel is independent of the choice of t



XESmc kW(X): = ker(k,(h(x)coxukw(h(x)Y

hom's

This defines a Niserich sheaf on Sun.

$3 Twisting by a line bundle

To have proper push forwards, we need to introduce twists by
a line bundle.

Detx(X): = category of K-graded line bundles
T

scheme objects: (i, G 2: line bundle/X
i: Locally constant integer

morphism = fisols of line bundles i =i)

of otherwise
· has symmetric monoidal

D: Vect X ->Detx(Xstructure with unit (0,0x) - Vex it (ohr, detV
v.b./x
with only
isols as morphisms



(i,Lt Detect as 1 is 1-dim F-VS, itT

TCCLX01] is a TCCFY]-module
KW(F) is a TIFY-module (unl by<uc

KM(F, (i,(l): =k(F)* T22LX0]
xFxJ

often we don't need/write the integer is
7)[n]: = Nisnevich shear associated with UTLOCUY)
x((Y:=-.- u+xIf(U1x]↑wiresandx n(i, h) == k.** TLd*]-

sheaves on X xCCQm]
X shear for X

Again often don't write is
S



loc free the 1

Twisted residue homomorphism 2: Or-module
NW

On: kW/F, (iLrl) ->Rx-(k(), H1, (mi(")*(i. (nsr))
xol -f(x)*F**C

se: This is independent of the choice of uniformizer i.

*4 Transfers In perfect

xx (AF)"with max ideal musFCt] generated by a

ined monic Nxx FCt]

Then ix is a uniformizer for a valuation ux with residue field F(x).

REFE-modole of Mable differentials -
Ea fin you

l-agebra

WE = detRECU. Have iso (mu"* (WFA* F(x) = WFIXIG
FCt]

residue L= WFIt]/h
exact sequenceEjOx: keWIFC), WFliral->KeMIF(x), WEly(h) rntRFM/ENFI-hFxInO



ImMoell: Have a split exact sequenceS

0 -> ksw(F, WE(a),kaw(F(t),w+ctln)-Ok(F(x),wF(x)/u) -0
· <Ic@dt

↓Ct
xt(A)F1'

OX
hoCF, wFn

YETrE**

Ref (canonical transfer

TrEP): KIM (F(p), WETp(a) +O UNIFIx), WFIxaIELKEIFHI, wEGnT*RaRCF, wEca
xEAH"

This is independent of the choice of sections.

In general: For EIF finite, can find FFFoCF,C...cFn =E

*Fillin are as alone. Set To:= Tr0 .... Treccanshow
therun

Ex: x-1<0 ie Kw= GW or W, assume FIPF is separable
F(p)

Ther TV F: (GIW (F(), WFBju) -> IGIN(F, WF(n &F(pl/kFRFnF(p)
lt WFguerator

& 01 1> TrEN/(x) &&



35 Chow-Witt groups and Rost-Schmid complex
X cSun, (i,h1c Detx(x) zCX closed subset

with Chow-Witt group Cz(X, (i,d1) := HE X, E,V(i,81)
11

CHE(X, 2)

#aid complex: X separated of fin type/h
Homological complex: cj(X, (i, 8),n):= knM(k(x),(j,wn(x))(i,C,)

x- X(i)
Ctn) X, (i,d)):= Hn([x(X, (i.81, - n)

complex for 1 =0x:

...

- [nx(X, - n) -> [n(X,- n) + Ca-(X,- n) + ...

...-* KP*(h(x), Wacxical -> *k(h(x),wasxva) -> * k. (h(x), Wasyal.
xxX(n+ 1) xEX(n)

11
xc -X(n - 1)

GW(h(x), Wacxical winix, wacxical



differential: For xexciy=Xci-, need 6: KW11X), Wuxical-eK/G1), Wausa
set = 0

=z. EzE normalization

Ther
Cu 8

- nzl
· G ve

x

: = I r
zz E'

Kby

over y WUcz) /U ⑭UCE)

meno
4MW (G(x), Wuexia OE KENIG12), Gromi@ Weal

↑

reacte
↓Truitt coding pr

assume

Lew/bly), Wacasa)
ms

E is
smooth

z I E

Munil" -> i Em ->Writnt O



Cohonological complex
X smooth, connected of dimdx, for xex) set xx1: = xMYma)

Set [ISX. (.81,n):= Sicken (h<x7,)-i,xx31G (i.21)

Have iso (wxin'*k(x)) @ Waxin = x(x)

So Eicx, n = [dxri(X,56x,5xin),n-dx)
Have CH"X, (i.81) = 4") (02X, (i. C1, n)

I

cFax-n (*. (i,2) 1-dx.xin))

#: CTT(Spech1= (F(SpecK) = 9WCh)



5b Properties X, 45Smu

8:xt4 -> 80:(H)Y,2) - CH2(4, f0x)
8:x-4 proper us to "CT2X, f*2*UX-CH-*x*(Y, &@wy)
1.p. for fix->speck proper
~ degree map to: CT1x(X, vxca) -> GWIG)

KMWSC +1 m (TYx.81 -> CH"x)
& It o

1." (27+WCG) ae CH"(X,91-> Hx,2191)
invert a ->

Have Rost-Schuid
complex for this one:

Replace Kew by W in

complexes above



Homotopy invalance:

piVeX 1.6 + po:(M") X, CLECHYIV, poz)

Product:

CT"X.si,9LXCT"X, (i, N11 *2CHXxX, Citi, PCPENIIRECHIX, liti, LOND
< - 1x(+i)Sm+i) - commutative

Projection formula: f:xt proper
The f01). B = f0)2.8"/B1

a CTMX, we fall
BECIT" (4, NS


